Abstract. Let (M m , g M ) be a closed, connected manifold with positive scalar curvature and (T k , g) some flat k-Torus of unit volume. By a result of F. Dobarro and E. Lami Dozo [5] , there exists a unique f : M → R >0 such that the warped product M × f T k has constant scalar curvature and unit volume. We study the Yamabe equation on these spaces. We use techniques from bifurcation theory, along with spectral theory for warped products, to prove multiplicity results for the Yamabe problem.
Introduction
Given a closed, Riemannian manifold (N, h), the solution of the Yamabe problem (cf. in [10] ) gives a metrich for N, of constant scalar curvature and unit volume in the conformal class of h. These metrics are critical points of the Hilbert-Einstein functional restricted to conformal classes. The minima of the restricted functional are always realized. This was proved by the combined efforts of H. Yamabe [15] , T. Aubin [1] , R. Schoen [13] , and N. S. Trudinger [14] , giving the solution of the Yamabe problem. It is of interest to ask for other metrics of constant scalar curvature in the conformal class, as they are critical points of the Hilbert-Einstein functional on conformal classes, that are not necessarily minimizers. Uniqueness of a metric of constant scalar curvature of unit volume in a conformal class is known to be true in some special cases: when the scalar curvature is non-positive, by the maximum principle; if h is an Einstein metric that is not isometric to the round sphere, by a result of M. Obata [8] ; and if the metric h is close in the C 2,α topology to an Einstein metric and dim(N) ≤ 7 (or dim(N) ≤ 24 and N is spin), by a result of L. L. De Lima, P. Piccione and M. Zedda [7] . On the other hand, a rich variety of constant scalar curvature metrics that are not necessarily minimizers have been studied using bifurcation theory. Given a manifold N of dimension greater than 2, let {g t } t∈ [a,b] be a path of metrics of constant scalar curvature and unit volume. We make use of the notation in [7] and call t * ∈ [a, b] a bifurcation instant in the path, if there exist a sequence t n ∈ [a, b] and a sequence of Riemannian metricsḡ n in the conformal class of g tn (ḡ n = g tn ), of constant scalar curvature and unit volume, such that lim n→∞ t n = t * and lim n→∞ g n = g t * . We call the corresponding metric, g t * , a bifurcation point. Bifurcation points in paths of constant scalar curvature metrics with unit volume have been studied recently, for example, on products of compact manifolds in [7] , on collapsing Riemannian submersions in [2] , and on the product of a manifold of constant positive scalar curvature and a k − T orus in [12] . Multiplicity of constant scalar curvature metrics have also been studied in the product manifold with a k-sphere [11] , and, more generally, on sphere bundles in [9] .
Let (M m , g M ) be a closed, connected manifold with positive scalar curvature R and (T k , g t ) some flat k-Torus of unit volume. In this article we will be interested in finding multiplicity of constant scalar curvature metrics in warped products M m × f T k , with the use of bifurcation theory. Namely, we find bifurcation points in paths of metrics with unit volume and constant scalar curvature on M m × f T k , for fixed g M and fixed weight f .
Metrics of constant scalar curvature on the warped product of a compact manifold with a compact manifold of flat scalar curvature were studied in [5] by F. Dobarro and E. Lami Dozo. It is shown there that, under these conditions, there is a unique weight f that makes the warped product of constant scalar curvature and unit volume. Moreover, this weight does not depend on the metric of the second factor, as long as said metric is flat and of unit volume.
Specifically, by letting u = f k+1 2 ∈ C ∞ , the equation ∆ M + R and S ∈ R >0 . This eigenvalue problem has a unique nonnegative solution u 1 such that max{u 1 } = 1 and S satisfies
where H 1 (M) is the Sobolev space of order 1. The infimum of equation (1) is realized by a constant multiple of u 1 . Thus the weight we need is f = u
has unit volume (we refer the reader to [5] ). It follows from equation (1) that the constant S and the weight f are independent of (T k , g t ), as long as g t is flat, of unit volume and the dimension is k. Also, since we started with a positive scalar curvature R for M, the constant S will also be positive.
Our strategy will be to vary the metric g t on T k to get a family of warped product metrics of constant scalar curvature and unit volume, and then prove the existence of a bifurcation point in this family. We use this strategy, to generalize some recent results by Ramirez-Ospina in [12] , on multiplicity of constant scalar curvature metrics on the product of a manifold with constant, positive scalar curvature, and a flat ktorus, to more general warped products of these manifolds.
The spectrum of the warped product of compact manifolds, M × f F , was studied thoroughly by N. Eijiri in [6] . It is shown there that given a base manifold, (M, g M ), and a fiber (F, g F ) with eigenvalues 0 = λ 0 < λ 1 ≤ ... ≤ λ i → ∞, then, the eigenvalues of ∆ M × f F are the list {µ j i } for i, j = 0, 1, 2, ..., where, for each i, the {µ j i } are the eigenvalues for the operator
which does not depend on the metric g t at all. We use bifurcation theory and combine the study of the operator L λ with the study of the spectrum of T k to obtain the following result. We remark that the condition S m+k−1 / ∈ Spec{L 0 } is necessary for the construction of paths with bifurcating points, when we vary only the second factor. Consider for example the manifold (
where g 1 is the round metric and g 2 is a flat metric on T 2 such that λ 1 = 2 5 , and the product has unit volume (see section 4 for details on the construction of such metrics on T k ). Then, for any flat metric g 3 on T 2 , we have that λ = 2 5
is also an eigenvalue of (S 2 ×T 2 ×T 2 , g 0 +g 2 +g 3 ) and then we get λ − Scal 4+2−1 = 0, therefore losing a necessary condition (see (1) and (2) of Proposition 3.1) to ensure the existence of paths with bifurcation points. Small perturbations of this example illustrate that this is also the case for warped products.
Of course, if the scalar curvature R of the manifold (M m , g) is constant and of unit volume from the beginning, then we have that f = 1 (see equation (1)) and we recover the case of the product manifold, studied by H. F. Ramirez-Ospina in [12] . We remark that in this case, condition R m+k−1 / ∈ Spec{∆ M } is also necessary for the construction of paths with bifurcation points, where we vary the metric on T k as discussed above.
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Some spectral theory for warped products
Given a compact manifold (M, g M ) of positive scalar curvature, we fix the unique weight f that makes the warped product (M × T k , g M + f 2 g) of constant scalar curvature and unit volume (g is any flat, unit volume, metric of T k ) and study its spectra.
The eigenvalues α i of the Laplacian of a compact Riemannian manifold are discrete, of finite multiplicity and accumulate only at infinity: α i → ∞ as i → ∞. For the warped product (M × T k , g M + f 2 g), the eigenvalues are given by the following procedure:
We first denote the eigenvalues of (T k , g), by 0 = λ 0 < λ 1 ≤ ... ≤ λ i → ∞. Then, for each i = 0, 1, 2, ..., we define the operator (4)
and denote its eigenvalues by µ
The eigenvalues of ∆ M ×T k are exactly the list {µ j i } for i, j = 0, 1, 2, ... (we refer the reader to the work of N. Eijiri [6] for details).
We recall the following results by K. Tsukada.
. Equality holds if and only if f is constant.
For fixed λ, we denote the eigenvalues of the operator
In this sense, µ 0 is increasing as a function of λ:
Equality holds if and only if
It will be useful for our purposes, to generalize Proposition 2.2 to any eigenvalue µ j (λ), not just the first one. For this, we consider the min-max characterization of
With this characterization we are able to generalize Proposition 2.2 to any eigen-
. Equality holds if and only if
Proof. First note that
We compute
and using equation (5),
Since f is positive, this implies that
, if and only if λ = λ ′ .
Bifurcation of solutions for the Yamabe problem
We now take a look at the bifurcation of solutions for the Yamabe problem. Consider a path of metrics {g t } t∈ [a,b] , of constant scalar curvature and unit volume for a fixed closed manifold N (dim (N ≥ 3) ). We use the notation in [7] and call t * ∈ [a, b] a bifurcation instant for the path if there exist a sequence t n ∈ [a, b] and a sequence of Riemannian metricsḡ n in the conformal class of g tn (ḡ n = g tn ), of constant scalar curvature and unit volume, such that lim n→∞ t n = t * and lim n→∞ g n = g t * . We will call the corresponding metric, g t * , a bifurcation point.
Our result will be an application of the bifurcation of solutions for the elliptic equation of constant scalar curvature. The following is due to De Lima, Piccione and Zedda, [7] . 
Then there exists a bifurcation instant t * ∈ (a, b) for the family of metrics {g t } t∈ [a,b] .
Often, n t is referred also as the Morse index of g t (as a critical point of the HilbertEinstein functional). In this sense, if either
Following Proposition 3.1, our strategy will be to construct the C 1 -path of Rie-
having constant scalar curvature and unit volume. We then prove that the three conditions mentioned in Proposition 3.1 are satisfied, thus assuring the existence of bifurcation points in the paths constructed.
Proof of Theorem 1.1
We are now ready to prove Theorem 1.1.
Proof. We first recall some elementary facts on the eigenvalues of the Laplacian of flat, unit volume metrics, on T k ; we refer the reader, for example, to [3] . Recall that a flat metric on T k is given by R k /Γ, where Γ acts by isometries on R k and the lattice, Γ ⊂ R k , is a set consisting of the integral linear combinations of a basis of R k . We may thus associate to the lattice Γ a matrix B ∈ GL(k), with its columns given by a basis (v 1 , v 2 , ..., v k ) of R k . Moreover, since we are working with metrics of unit volume, we will consider only basis B, such that |det(B)| = 1. Recall also that if two basis are isometric in R n , then the lattices associated to them, and thus the resulting metrics of T k , are the same. Now, given a lattice Γ, the eigenvalues of the Laplacian of the Riemannian metric for T k = R k /Γ, are given by λ i = 4π 2 ||β i || 2 , where β i ∈ Γ * , and Γ * is the lattice dual to Γ. The dual lattice is the lattice associated to the dual of the basis associated to Γ. In practice, this means that if B is a matrix of a basis associated to Γ, then the inverse of the transpose, (B T ) −1 , is a matrix of a basis associated to Γ * . In the following, we will denote by M the set of flat metrics of unit volume on T k . Given a metric g t in M, we will denote by λ i (t) its eigenvalues and by G t the warped product metric
Also, we will letS = S m+k−1 (recall that f is fixed and that S is the positive, constant, scalar curvature of (M × T k , G t ); neither, as argued above, depend on t). Given a metric g 1 ∈ M with associated matrix B = (v 1 , v 2 , ..., v k ), we denote its dual matrix by (B T ) −1 , with columns (w 1 , w 2 , ..., w k ), i.e. (B T ) −1 = (w 1 , w 2 , ..., w k ). With this in mind, for t ≥ 1, consider the path of flat, unit volume metrics g t ∈ M, given by the family of matrices
.., tw k )). Consider also the corresponding path {G t } t≥1 , with G t = g M + f 2 g t . We now show that there exist a, b ∈ R >0 such that the path {G t } t∈ [a,b] , contains a bifurcation point. Recall from Proposition 3.1, that we want to start our path of still have that µ
(t) are strictly less thanS, for t > t 1 . Since the path is continuous and the eigenvalues are discrete, there exists a metric
We have constructed a path of metrics, {G t } t∈ [a,b] , that satisfies the conditions of Proposition 3.1, proving thus the existence of a bifurcation point somewhere in the path.
For the second part of the Theorem, we note that we may construct a whole submanifold of {g M } × M that parametrizes a set of bifurcation points. We achieve this by constructing a tubular neighborhood around a path {G t } t∈ [a,b] , that satisfies the conditions of Proposition 3.1, like in the first part of the proof.
As before, given a metric g 1 ∈ M, we let B = (v 1 , v 2 , ..., v k ), and (B T ) −1 = (w 1 , w 2 , ..., w k ) be some associated matrices to the lattices Γ and Γ * , respectively. Without loss of generality, we may assume that the first column, w 1 , is the smallest column of (B T ) −1 (recall that isometries of the basis B generate the same lattice Γ). Let C = ||w 1 || 2 , and consider the submanifold N ⊂ M, of metrics g with associated Γ * g , such that the smallest column of (B t g ) −1 satisfies ||(w 1 ) g || 2 = C. Consider the submanifold V given by the intersection of N and a neighborhood of g 1 . Note that if we construct a path for each g ∈ V , using equation (6), they will not intersect, for any t ≥ 1, and, moreover, will form a tubular neighborhood of the path for g 1 . Arguing as in the first part of the proof, for each metric g ∈ V , its corresponding path, {G t } t≥1 , will have at least one bifurcation point. Hence, since the paths do not overlap, the submanifold V ⊂ M ≈ {g M } × M, gives us the desired submanifold that parametrizes a set of bifurcation points.
We remark, as in the introduction, that when the scalar curvature of (M, g) is constant and of unit volume, we have f = 1 (see equation 1 or the proof of Theorem 3.1 in [5] ) and thus recover the product case, studied in [12] .
We finally note that if we are to vary only the metric of the second factor, the approach of bifurcation theory does not work ifS ∈ Spec{L 0 } (not even on the product case, f = 1). Indeed, for λ 0 = 0, we have that the operator
does not depend on (T k , g t ) at all. Thus,S would be in Spec{L 0 }, for all t, regardless of the chosen path (M × T k , g M + f 2 g t ), t > 0. This in turn implies that the metrics cannot satisfy conditions (1) and (2) of Proposition 3.1, for any t > 0, and thus there is no guarantee of the existence of bifurcation points.
